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Abstract
We solve the Einstein equations in the Randall-Sundrum framework
with a static, spherically symmetric matter distribution on the physical
brane and obtain an approximate expression for the gravitational field
outside the source to the second order in the gravitational coupling.
This expression when confined on the physical brane coincides with the
standard form of the Schwarzschild metric. Therefore, the Randall-
Sundrum scenario is consistent with the Mercury precession and other
tests of General Relativity.
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1. Introduction.
Motivated by the hierarchy problems of the fundamental interactions, Randall and
Sundrum have proposed an interesting scenario of extra non-compact dimensions in which
four-dimensional gravity emerges as a low energy effective theory [1]. This novel proposal
consists of two basic components. The first one is based on the assumption that ordinary
matter and its gauge interactions are confined within a four dimensional hypersurface,
referred to subsequently as the physical brane, embedded in a five-dimensional space [2].
The second ingredient involves the realization that a bound state of a five-dimensional
graviton exists and is localized near the physical brane. Consequently, gravitational inter-
actions at large distances on the physical brane are dominated by the bound state, and thus
gravity appears effectively as four-dimensional. Modifications of this scenario include su-
persymmetric generalizations [3] and models in which gravity is mediated with metastable
graviton bound states [4]. Different issues concerning these models have been discussed in
[5]. The Randall-Sundrum model consists of a three-brane embedded in a five-dimensional
space which is asymptotically anti-de Sitter. A generic form of the metric in this space is
ds2 = e−2κ|y|g¯µνdx
µdxν + dy2, (1)
the four-dimensional metric g¯µν being asymptotically flat. The asymptotic metric with
g¯µν = ηµν satisfies the vacuum Einstein equations
Rmn − 1
2
Rgmn − Λgmn = 0 (2)
with the cosmological constant Λ = −6κ2. Here and throughout the paper, we adopt
the convention that the Greek indices take values 0-3 and the Latin indices 0-4. The
striking feature of this scenario is the existence of a massless graviton bound state which
corresponds to the metric fluctuations hµν = gµν − ηµν , constant in y but nevertheless
normalizable because of the conformal factor e−2κ|y|. In the absence of nonzero modes
(i.e., for a y independent metric g¯µν) the five-dimensional Einstein equations with negative
cosmological constant reduce to the four-dimensional Einstein equations in vacuum without
a cosmological constant. Thus the Randall-Sundrum scenario can be extended, provided
that the metric g¯µν is Ricci flat, i.e., corresponds to any vacuum solution of General
Relativity. This can be seen as follows: The Einstein equations can be rewritten as
Rµν − 4κ2gµν = 0, R4µ = 0, R44 − 4κ2 = 0 (3)
with gµν = e
−2κ|y|g¯µν . If we express the five dimensional Ricci tensor in terms of the four
dimenional metric g¯µν , we find
Rµν = R¯µν + 4κ
2gµν . (4)
2
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for a y independent metric g¯µν . Consequently, g¯µν obeys R¯µν = 0. An example is the
Schwarzschild solution [6]
ds2 = e−2κ|y|
[
− (1− 2GM
r
)dt2 +
1
1− 2GM
r
dr2 + r2dΩ2
]
+ dy2, (5)
the source of which is a mass line extending infinitely in the y-direction. Another example is
the pp-wave solution which describes gravitational waves propagating on the brane [7]. In
the context of a physical situation-a spherically symmetric mass distribution located on the
physical brane-nonzero modes are expected to contribute to the dynamics. The subsequent
y-dependence of the metric introduces difficulties in solving the Einstein equations exactly.
How these modes localize the matter induced curvature near the brane yet maintain on
the brane the asymptotic agreement between the solutions of the five-dimensional Einstein
equations and the four-dimensional ones has only been shown explicitly for linear gravity.
In this paper, we shall extend such an analysis to the first order of nonlinearity ( second
order in the gravitational coupling ) for the static axially symmetric metric produced by
spherically symmetric matter that is localized on the brane.
Similar to the case of linearized gravity, the solution to the Einstein equations can be
formulated as a solution free from any metric singularity far away from the source when
it is expressed in terms of coordinates that are straight with respect to the horizon. We
shall eventually transform the solution to a new coordinate system-natural coordinates of
the brane-by performing a gauge transformation that is determined by the Israel matching
condition [8] ( Discussion on these issues concerning linearized gravity appear in [9]). We
shall work in the weak field approximation and in a region outside the material source
where the Israel matching condition reduces to the Neumann boundary condition. *
Our solution, in contrast to the black-string solution [6], will explore both the far away
region on the brane and the AdS5 horizon. The arbitrary parameters of the solution are
determined by the Newtonian limit on the brane.
The apparent gauge dependence of the solution is the consequence of the incomplete-
ness of the Randall-Sundrum scenario. Indeed, as it was pointed out in [10], all material
particles fall freely towards the AdS5 horizon. Additional non-gravitational mechanisms
are required to stabilize the brane and confine all material particles within the brane. In
such models, possibly derived from string theory, the geodesic equation of material par-
ticles would include extra contributions. But it is still plausible that the Israel matching
* The physical brane contributes to the energy-momentum tensor as well. In the absence
of matter, the metric ds2 = e−2κ|y|ηµνdx
µdxν + dy2 implies that Tµν = mηµνδ(y), T4µ =
T44 = 0, where m is a constant. Its natural extention in the presence of matter is
Tµν = mg¯µνδ(y), T4µ = T44 = 0. The linearity of Einstein’s equation with respect to
the second order derivatives leads to Neumann boundary condition. The same condition
also guarantees the conservation of Tµν .
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condition selects a gauge in which the motion of material particles within the brane is
given by the simple four-dimensional geodesic equation
d2xµ
ds2
+ Γµρλ
dxρ
ds
dxλ
ds
= 0. (6)
In order to describe the real world, the Randall-Sundrum scenario has to satisfy all
the existing tests of General Relativity. Within the linearized gravity, it has been shown
that the Newtonian limit as well as the spatial part of the Schwartzschild metric can be
recovered on the physical brane for κr >> 1 with corrections from the nonzero graviton
modes to the 1/r terms of the order O(1/κ2r3) [1], [11], [10], [12]. Thus the scenario
implies a deflection angle of light within the experimental bounds. For the precession
angle of Mercury, the observation accuracy is up to the first order of nonlinearity of the
metric component g00. Indeed, for the weak field expansion of the static spherical metric
ds2 = −(1− 2GM
r
− γG
2M2
r2
+ ...)dt2 + (1 +
2GM
r
+ ...)dr2 + r2dΩ2 (7)
the precession angle measured in radians per revolution is given by [13]
δ =
πGM
L
(6 + γ) (8)
where L is the semilatus rectum of the Mercury orbit and γ = 0 for the General Relativity.
It is therefore imperative that the large r behavior of g00 on the brane in the Randall-
Sundrum scenario is examined beyond linearized approximation. Our perturbative solution
reproduces the General Relativity result γ = 0. Thus the Randall-Sundrum scenario is
consistent with all experimental tests of General Relativity.
For the sake of simplicity, we shall assume that the physical brane is located at y = 0.
In the next section we shall derive the Einstein equations for a static axially symmetric
five dimensional metric, investigate the gauge symmetries-coordinate trasformations that
respect the particular form of the metric-and discuss the appropriate boundary conditions.
In section three we shall obtain an exact solution to the linearized equations, a solution
which is free of curvature singularities and describes the gravitational field produced by a
spherically symmetric mass distribution located on the brane. In section four, we will derive
an approximate expression of the metric to second order in the gravitational coupling (first
order in non-linearity) which is valid in a region far from the mass source. This expression
when confined on the physical brane is in agreement with the standard four dimensional
Schwarzschild metric and thus reproduces the correct precession angle of Mercury. Finally
we will discuss the physical implications of our results.
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2. Einstein Equations, Symmetries and Boundary Conditions.
The most general axially symmetric and static metric in D = 4 + 1 has the following
form
ds2 = e−2κ|y|(−eadt2 + ebdr2 + ecr2dΩ2) + dy2, (9)
where dΩ2 = dθ2 + sin2 θdφ2 is the solid angle on S2 and a, b and c are functions of r and
y. Substituting the metric (9) into (3) we obtain the following equations
−a′′− 2
r
a′+
1
2
a′(−a′+ b′− 2c′)− e−2κy+b
[
a¨− 5κa˙−κb˙− 2κc˙+ 1
2
a˙(a˙+ b˙+2c˙)
]
= 0 (10)
a′′ + 2c′′ − 2
r
b′ +
4
r
c′ +
1
2
a′(a′ − b′)− c′(b′ − c′)
+ e−2κy+b
[
b¨− 5κb˙− κa˙− 2κc˙+ 1
2
b˙(a˙+ b˙+ 2c˙)
]
= 0
(11)
c′′ +
4
r
c′ +
a′ − b′
r
+ c′2 +
1
2
(a′ − b′)c′
+ e−2κy+b
[
c¨− κ(a˙+ b˙)− 6κc˙+ 1
2
c˙(a˙+ b˙+ 2c˙)
]
− 2e
b−c − 1
r2
= 0
(12)
a¨+ b¨+ 2c¨− 2κ(a˙+ b˙+ 2c˙) + 1
2
(a˙2 + b˙2 + 2c˙2) = 0
a˙′ + 2c˙′ − 2
r
(b˙− c˙) + 1
2
a′(a˙− b˙)− c′(b˙− c˙) = 0
(13)
where the prime denotes a partial derivative with respect to r and the dot denotes a partial
derivative with respect to y. These equations apply to the positive side of the brane, i.e.,
y > 0, the corresponding equations to the negative side of the brane, y < 0, is obtained by
switching the sign of κ.
For y-independent a, b and c, equations (13) are satisfied automatically and equations
(10), (11) and (12) become those of a static, spherically symmetric and Ricci flat metric
albeit not asymptotically anti-de Sitter.
We shall discuss the gauge symmetries of these equations, more specifically the coor-
dinate transformations that respect the axially symmetric, static form of the metric. Let’s
perform a coordinate transformation (gauge transformation) generated by v, u, functions
of rand y such that r 7→ r + v(r, y) and y 7→ y + u(r, y) and demand that this particular
coordinate transformation respects the form of the five dimensional metric (9). We find
that the functions v, u obey the following relations
2v˙ + v˙2 + e−2κy−2κv+b(r+u,y+v)u˙2 = 0
v′(1 + v˙) + e−2κy−2κv+b(r+u,y+v)u˙(1 + u′) = 0
(14)
5
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while the components of the metric transform under these residual coordinate transforma-
tions as follows
a(r, y) 7→ a(r + u, r + v)− 2κv
b(r, y) 7→ b(r + u, y + v)− 2κv + ln [(1 + u′)2 + e2κy+2κv−b(r+u,y+v)v′2]
c(r, y) 7→ c(r + u, y + v)− 2κv + 2ln (1 + u
r
).
(15)
In what follows, we shall construct the solutions to the Einstein equations in two different
coordinate systems, or equivalently, in two different gauges [11], [14]. The solution in
one coordinate system-the one in which the coordinates are straight with respect to the
horizon-is free from metric singularities far away from the source. We shall denote this
solution by a(r, y), b(r, y) and c(r, y) without superscripts and we shall impose the following
conditions
lim
|y|,r→∞
a = lim
|y|,r→∞
b = lim
|y|,r→∞
c = 0 (16)
independent of the order of the limits. The other set of coordinates are the natural coordi-
nates of the brane. In this coordinate system the solution is given by the right hand side of
(15) with the parameters u and v chosen appropriately to satisfy the Israel matching con-
dition. We will denote the solution in this gauge by aP (r, y), bP (r, y) and cP (r, y), where
the superscript P means “physical”. Outside the material source, they satisfy the Neu-
mann boundary condition, a˙P (r, 0) = b˙P (r, 0) = c˙P (r, 0) = 0. In the subsequent sections,
we shall use the following notation
aP (r, y) = a(r, y) + δa(r, y)
bP (r, y) = b(r, y) + δb(r, y)
cP (r, y) = c(r, y) + δc(r, y)
(17)
where δa, δb and δc are not necessarily infinitesimal.
The Newtonian limit is specified by the asymptotic behavior of g00 on the brane for
large r, i.e.
aP (r, y) = 1− 2GM
r
− · · · (18)
with G being the four-dimensional gravitational constant and M the total mass of the
sourse. For a weak gravitational field, GM << r, we have the following perturbative
expansions for the solution that is free of metric singularities
a(r, y) = a0(r, y) + a1(r, y) + · · · , b(r, y) = b0(r, y) + b1(r, y) + · · ·
c(r, y) = c0(r, y) + c1(r, y) + · · ·
, (19)
and for the physical solution
aP (r, y) = aP0 (r, y) + a
P
1 (r, y) + · · · , bP (r, y) = bP0 (r, y) + bP1 (r, y) + · · ·
cP (r, y) = cP0 (r, y) + c
P
1 (r, y) + · · ·
. (20)
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Similarly we can expand the parameters of transformation
v(r, y) = v0(r, y) + v1(r, y) + · · ·
u(r, y) = u0(r, y) + u1(r, y) + · · · .
(21)
All quantities with the subscript “0” are of the order GM and those with the subscript
“1” are of the order G2M2. In the next section we shall derive an exact solution to the
first order in the gravitational coupling and we will discuss its physical significance.
3. Linearized Solution.
For a weak gravitational field, we obtain the linearized Einstein equations, i.e.
− a′′0 −
2
r
a′0 − e−2κ|y|
[
a¨0 − 5κa˙0 − κb˙0 − 2κc˙0
]
= 0,
a′′0 + 2c
′′
0 −
2
r
b′0 +
4
r
c′0 + e
−2κy
[
b¨0 − 5κb˙0 − κa˙0 − 2κc˙0
]
= 0,
c′′0 +
4
r
c′0 +
a′0 − b′0
r
+ e−2κy
[
c¨0 − κ(a˙0 + b˙0)− 6κc˙0
]
− 2
r2
(b0 − c0) = 0,
a¨0 + b¨0 + 2c¨0 − 2κ(a˙0 + b˙0 + 2c˙0) = 0
a˙′0 + 2c˙
′
0 −
2
r
(b˙0 − c˙0) = 0.
(22)
Initially, we shall seek solutions that satisfy equation (16). The fourth of these equa-
tions is particularly simple, and the only solution consistent with the condition (16) is
a0 + b0 + 2c0 = 0. (23)
Similarly, the last of equations (22) can be integrated to yield
a′0 + 2c
′
0 −
2
r
(b0 − c0) = φ(r) (24)
where φ is an arbitrary function of r. The boundary condition (16) then demands that
a′0 + 2c
′
0 −
2
r
(b0 − c0) = 0. (25)
Note that the linearized Schwarzschild solution [6] satisfies (24) but not (25) . Substituting
(23) into the first of equations (22) and using the Green’s function found in [15], we obtain
a0(r, y) = −8GM
3πκ
e2κy
∫ ∞
0
dppj0(pr)
K2(pˆe
κy)
K1(pˆ)
(26)
7
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where pˆ = p/κ. Kν(z) is the modified Bessel function of the second kind and j0(x) is the
spherical Bessel function. The choice of the coefficient of the equation (26) is dictated by
the requirement that it reproduces the correct Newtonian limit. Combining (23) and (25),
we obtain a first order differential equation for b
b′0 +
3
r
b0 +
a0
r
= 0, (27)
the solution of which reads
b0(r, y) =
8GM
3πκ
e2κy
∫ ∞
0
dpp
j1(pr)
pr
K2(pˆe
κy)
K1(pˆ)
. (28)
It follows then from (23) then that
c0(r, y) =
8GM
3πκ
e2κy
∫ ∞
0
dpp
1
2
[j0(pr)− j1(pr)
pr
]
K2(pˆe
κy)
K1(pˆ)
. (29)
It is straightforward to verify that the solutions (26), (28) and (29) satisfy the two of the
remaining equations (22) which we have not used.
If either r or ζ ≡ 1
κ
eκy becomes large, i.e, κr >> 1 or κz >> 1, the integrals (26),
(28) and (29) are dominated by the region where pˆ << 1. The modified Bessel function in
the denominator, K1(pˆ) ≃ 1pˆ , and the integrals can be carried out explicitly. We find that
a0(r, ζ) = −4GM
3
2r2 + 3ζ2
(r2 + ζ2)
3
2
= −4GM
3s
(2 + cos2 θ)
b0(r, ζ) =
4GM
3
1√
r2 + ζ2
=
4GM
3s
c0(r, ζ) =
2GM
3
r2 + 2ζ2
(r2 + ζ2)
3
2
=
2GM
3s
(1 + cos2 θ)
(30)
where we have introduced four-dimensional spherical coordinates s and θ via r = s sin θ
and ζ = s cos θ. In terms of s, and θ the physical brane corresponds to cos θ = 1
κr
. We are
primarily interested in the region with cos θ << 1. The result for a0(r, y) was obtained in
[15]. Here we would like to emphasize that the expressions on the right hand sides of (30)
approximate the entire region of κs >> 1. So it does interpolate the large r region on the
brane and the large z region near the horizon. Furthermore, as is shown in the appendix,
systematic inclusion of the higher order terms of K1(pˆ) will lend us a large s expansion of
the type
1
s
∞∑
n=0
Pn(θ; lnκs)
s2n
(31)
where Pn(θ, lnκs) is a n-th order polynomial in lnκs with θ-dependent coefficients.
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It is straightforward to check that while a0 satisfies the Neumann boundary condition,
b0 and c0 fail to do so. In order to transform the solution to the physical one we need to
determine the parameters v0 and u0. Equations (14) read to first order as
v˙0 = 0, v
′
0 + e
−2κyu˙0 = 0 (32)
while the transformations of the components of the metric become
δa0 = −2κv0, δb0 = −2κv0 + 2u′0, δc0 = −2κv0 + 2
u0
r
. (33)
We can easily verify that the Einstein equations (22) remain invariant under the transfor-
mations (32). Thus, the physical solution will be given by
aP0 = a0 + δa0, b
P
0 = b0 + δb0, c
P
0 = c0 + δc0. (34)
We impose Neumann boundary condition on bP0 on the brane b˙
P
0 |y=0 = 0. Under a coor-
dinate transformation generated by v0, u0, we find that
b˙P0 |y=0 =
−4GM
κr3
+ 2u′0 =
−4GM
κr3
− 2v′′0 = 0 (35)
Thus,
v0(r) = −GM
3κr
, u0(r, y) = − GM
6κ2r2
e2κy + χ(r) (36)
where χ is an arbitrary function of r and is chosen χ = −2GM3 in order to recover the
standard Schwarzschild metric on the physical brane. The physical solution to first order
takes then the form
aP0 = −
8GM
3πκ
e2κy
∫ ∞
0
dppj0(pr)
K2(pˆe
κy)
K1(pˆ)
+
2GM
3r
bP0 =
8GM
3πκ
e2κy
∫ ∞
0
dpp
j1(pr)
pr
K2(pˆe
κy)
K1(pˆ)
+
2GM
3r
+
2GM
3κ2r3
e2κy
cP0 =
8GM
3πκ
e2κy
∫ ∞
0
dpp
1
2
[j0(pr)− j1(pr)
pr
]
K2(pˆe
κy)
K1(pˆ)
− 2GM
3r
− GM
3κ2r3
e2κy
(37)
It is straightforward to verify that hP0 = a
P
0 + b
P
0 + 2c
P
0 = 0. Using equations (30), the
metric on the physical brane for r >> 1/κ becomes
ds2 = −(1− 2GM
r
+ · · ·)dt2 + (1 + 2GM
r
+ · · ·)dr2 + r2dΩ2, (38)
thus reproducing the standard form of the Schwarzschild metric. The dots in equation
(38) represent terms of order O(G
2M2
r2
) and higher.
9
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4. Second Order Approximate Solution.
In this section, we will go beyond the first order solution (linearized) and find an ap-
proximate solution to second order in the gravitational coupling of the Einstein equations.
Inserting the ansatz (20) to equations (10)-(13) and keeping terms to second order, we find
−a′′1 −
2
r
a′1 +
1
2
a′0(−a′0 + b′0 − 2c′0)− e−2κy
[
a¨1 − 5κa˙1 − κb˙1 − 2κc˙1 + 1
2
a˙0(a˙0 + b˙0 + 2c˙0)
+ b0(a¨0 − 5κa˙0 − κb˙0 − 2κc˙0)
]
= 0
(39)
a¨1 + b¨1 + 2c¨1 − 2κ(a˙1 + b˙1 + 2c˙1) + 1
2
(a˙20 + b˙
2
0 + 2c˙
2
0) = 0
a˙′1 + 2c˙
′
1 −
2
r
(b˙1 − c˙1) + 1
2
a′0(a˙0 − b˙0)− c′0(b˙0 − c˙0) = 0
(40)
If we introduce h1 = a1+b1+2c1 it follows then from (40) and taking into account equation
(30) that
h˙1 =
κG2M2ζ2
(r2 + ζ2)2
[11
18
+
5
9
ζ2
(r2 + ζ2)
+
3
2
ζ4
(r2 + ζ2)2
]
. (41)
Consequently, integration over y yields
h1 = − G
2M2
(r2 + ζ2)
[25
36
+
7
18
ζ2
(r2 + ζ2)
+
1
4
ζ4
(r2 + ζ2)2
]
. (42)
Taking into account (23), equation (40) becomes
a′′1 +
2
r
a′1 + e
−2κy
[
a¨1 − 4κa˙1
]
= a′0b
′
0 − e−2κyb′0(a¨0 − 4κa˙0) + e−2κyκh˙1 (43)
with the right hand side completely known. We proceed to introduce spherical coordinates
s, θ such that r = scos θ, z = 1
κ
eκy = ssin θ. In terms of these new variables, equation (40)
takes the following form
[ 1
s3
∂
∂s
(s3
∂
∂s
) +
1
s2sin2 θ
∂
∂θ
(sin2 θ
∂
∂θ
)− 3
s
∂
∂s
+
3
s2
tan θ
∂
∂θ
]
a1(s, θ) = f1 + f2 + f3 (44)
where
f1 = a
′
0b
′
0 = −
16G2M2
9
(2r2 + 5ζ2)r2
(r2 + ζ2)4
= −16G
2M2
9
2 + cos2 θ − 3cos4 θ
s4
f2 = −e−2κyb′0(a¨0 − 4κa˙0) =
16G2M2
3
5ζ4
(r2 + ζ2)4
=
16G2M2
3
5cos4 θ
s4
f3 = e
−2κyκ(a˙1 + b˙1 + 2c˙1) =
16G2M2
9
1
s4
[11
32
+
5
16
cos2 θ +
27
32
cos4 θ
]
(45)
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Equation (44) is a second order inhomogeneous linear differential equation, whose solution
is a superposition of a special solution and a solution of the corresponding homogeneous
equation. In order to derive the contribution to the solution from the inhomogeneous
terms fi, i = 1, 2, 3 we make the ansatz φi =
Ai+Bi cos
2 θ+Ci cos
4 θ
s2
, i = 1, 2, 3 with Ai, Bi, Ci
constants. Then by demanding that
[ 1
s3
∂
∂s
(s3
∂
∂s
)+
1
s2sin2 θ
∂
∂θ
(sin2 θ
∂
∂θ
)− 3
s
∂
∂s
+
3
s2
tan θ
∂
∂θ
]
φi(s, θ) = fi, i = 1, 2, 3 (46)
we calculate the coefficients Ai, Bi, Ci and thus determine the part of the solution which
corresponds to the inhomogeneous terms
φ1 = −G
2M2
s2
(
8
9
+
4
9
cos2 θ +
8
9
cos4 θ), φ2 = −40
9
G2M2
s2
cos4 θ
φ3 =
G2M2
s2
(
7
36
+
5
36
cos2 θ − 1
4
cos4 θ).
(47)
Thus, a special solution of the equation takes the form
φ = φ1 + φ2 + φ3 =
G2M2
s2
(−25
36
− 11
36
cos2 θ − 67
12
cos4 θ). (48)
The most general form of the solution to the homogeneous equation, which is consistent
with the large κs approximation can be put in the form
1
s2
[F0(θ) + F1(θ) lnκs+ ...+ Fm(θ) ln
m κs].
As is shown in the appendix, the ordinary differential equation satisfied by Fm(θ) can be
converted into a hypergeometric equation with the two linearly independent solutions
w1(θ) = cos
3 θcot θ
and
w2(θ) = −1
2
− 3
4
cos2 θ +
3
8
cos3 θcot θln
1− sin θ
1 + sin θ
. (49).
w1 is singular at θ = 0 (AdS5 horizon) and it should not be included while w2 is finite
at θ = π2 , its inclusion though would produce on the brane terms of the form
1
r2
lnm κr,
in disagreement with the standard Schwarzschild metric. Thus we expect Fm(θ) = 0.
Similarly we expect that Fm−1(θ), ..., F1(θ) are equal to zero and we are left with a1 =
φ+ ηw2, where η is a constant to be determined.
Similarly to the solution of the linearized equations the physical solution to second
order will be given by
aP1 = a1 + δa1, b
P
1 = b1 + δb1, c
P
1 = c1 + δc1. (50)
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The parameters of transformation that generate the residual coordinate transformations
v1, u1 obey the constraints (14) to second order
2v˙1 = −e−2κyu˙20 = −e2κyv′20
v′1 + e
−2κyu˙1 = −e−2κy(b0 − 2κv0)u˙0 − e−2κyu˙0u′0
(51)
where we have used equation (32), while the components of the metric transform to second
order as
δa1 = a
′
0u0 + a˙0v0 − 2κv1
δb1 = b
′
0u0 + b˙0v0 − 2κv1 + 2u′1 − u′20 + e2κyv′20
δc1 = c
′
0u0 + c˙0v0 − 2κv1 + 2
u1
r
− u
2
0
r2
(52)
and
δh1 ≡ δa1 + δb1 + 2δc1 = −8κv1 + 2u′1 +
4
r
u1 − u′20 + e2κyv′20 −
2u20
r2
. (53)
The constraints (51) yield the following expressions for v1 and u˙1,
v˙1 = − 1
2κ
e2κyv′20 + λ(r) = −e2κy
G2M2
36κ3r4
+ λ(r)
u˙1 = e
2κy(b0 − 2κv0 + u′0)v′0 − e2κyv′1
(54)
where λ(r) is an arbitrary fucntion of r which can be determined by enforcing the brane
bending condition-Neumann boundary condition to second order: more specifically,
(h˙1 + δh˙1)|y=0 = 2(−λ′′ − 2
r
λ′ − 17G
2M2
36κr4
) = 0 (55)
We find that λ(r) = −17G2M2
72κr2
and consequently that
v1(r, y) = −e2κy G
2M2
36κ3r4
− 17G
2M2
72κr2
(56)
A comment regarding the way Neumann boundary condition is met appears necessary at
this point. Unlike the linearized solutions, which we have the exact expressions at our
disposal, here only the approximate expressions at large κs are available. So we can not
satisfy the Neumann boundary condition perfectly. On the other hand, it is easy to show
that for large κr on the brane, a˙1, b˙1 and c˙1 are dominated by terms of order
G2M2
κr4
. It
is this order that has to be cancelled by the gauge transformation in conformity to the
Neumann boundary condition. In another word, a˙P , b˙P and c˙P should be of higher order
than G
2M2
κr4
at y = 0 and should vanish exactly when higher powers of 1/κs are restored in
the expressions of aP , bP and cP .
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Using equations (50), (52) and (56) we derive the following expression for aP1
aP1 = −
G2M2
s2
[25
36
+
16
9
csc θ − 17
36
csc2 θ + (
11
36
+
4
3
csc θ − 1
18
csc4 θ)cos2 θ
+ (
67
12
− 2
3
csc θ)cos4 θ + ηw2(θ)
] (57)
It is straightforward to verify that aP1 satisfies Neumann boundary condition a˙
P
1 (r, 0) = 0
only if η = 0. On the physical brane and for κr >> 1, the time component of the metric
to second order reads
−g00 = ea
P
0
+aP
1 = 1− 2GM
r
+O(
G3M3
r3
) (58)
which is consistent with the General Relativity prediction γ = 0.
For completeness we will determine the expression for b1 and c1 on the brane and for
κr >> 1. Using the fact that h1 = a1 + b1 + 2c1, the second of equations (40) takes the
form
b˙′1 +
3
r
b˙1 = h˙
′
1 +
1
r
h˙1 − 1
r
a˙1 +
1
2
(a0
′a˙0 + b0
′b˙0 + 2c0
′c˙0) (59)
Furthermore, if we introduce β = b˙1 − h˙1, equation (59) takes the simple form
β′ +
3
r
β = f1 + f2 (60)
where f1 = −2r h˙1 − 1r a˙1 and f2 = 12 (a0′a˙0 + b0′b˙0 + 2c0′c˙0) Using now the new set of
coordinates s, θ and integrating (60), we find that
β =
κG2M2
s2
(
14
9
− 56
9
cos2 θ − 3
2
cos4 θ) cos2 θ (61)
Inserting this expression into b˙1 = β + h˙1 and integrating, we derive
b1 =
1
3
G2M2
s2
+
17
12
G2M2
s2
cos2 θ. (62)
We still need to calculate the contribution from the residual coordinate transformations
generated by v1, u1. According to equation (51), b1 transforms as follows
b1 7→ b1 + b′0u0 + b˙0v0 − 2κv1 + 2u′1 − u′20 + e2κyv′20 (63)
with v1 and u1 given by equations (54). If we integrate the second of these equations, we
derive an expression for u1
u1 =
4
9
G2M2
ssin2 θ
− 1
8
G2M2
s
cot2 θ
sin θ
+ ψ (64)
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where ψ = ψ(r) is an arbitrary function of r. Combining equation (61) and the expression
for δb1, we find b
P
1 . The Neumann bondary condition is satisfied for arbitrary ψ. Imposing
though the requirement that bP1 reproduces the standard Schwarzschild metric for large r
determines ψ
ψ(r) = −43
72
G2M2
r
(65)
Combining relations (62), (63), (54), and (65), we find
bP1 =
G2M2
s2
[1
3
+
8
9
sin θ +
8
9
csc θ +
5
3
csc2 θ − 16
9
csc3 θ
+ (
17
12
+
2
3
csc θ +
11
12
csc4 θ)cos2 θ − 1
9
csc6 θcos4 θ
] (66)
It follows from the definition of hP1 as well as the expressions of a
P
1 and b
P
1 , that
cP1 =
G2M2
s2
[
− 1
6
+
4
9
sin θ − 7
6
csc2 θ +
8
9
csc3 θ + (−3
4
+
4
3
sin θ − 1
9
csc θ
− 5
12
csc4 θ)cos2 θ + (
8
3
+ csc θ − 1
36
csc6 θ)cos4 θ
] (67)
What is remarkable here is that without any further degrees of freedom, we have already
cP1 = O(
G2M2
κ2r3
) ≃ 0 (68)
for cos θ = 1
κr
and r >> 1. Thus, we have recovered the standard Schwarzschild metric at
large distances on the physical brane to the first order of nonlinearity
ds2 ≃ −(1− 2GM
r
+ · · ·)dt2 + (1 + 2GM
r
+
4G2M2
r2
+ · · ·)dr2 + r2dΩ2 (69)
where the dots indicate terms of order O(G
3M3
r3
) and higher.
5. Conclusions.
In this section we will recapitulate what we have done in this paper. We considered the
most general ansatz for a static, axially symmetric metric in D = 4 + 1 dimensions in the
Randall-Sundrum framework and derived the Einstein equations. We subsequently solved
the equations to first order in the gravitational coupling and found an exact, singularity
free solution of the linearized equations. This solution describes the gravitational field of
a spherically symmetric mass distribution confined on the physical brane. At distances
far away from the material source and on the physical brane this solution coincides with
the four dimensional Schwarzschild metric. Thus we confirmed that all tests of Linearized
14
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General Relativity are satisfied. Furthermore, we proceeded to examine the solution of
the Einstein equations to the second order in the gravitational coupling GM . We derived
an approximate expression for the gravitational field which is valid to second order in
the gravitational coupling in a region far away from the source. When this expression is
confined on the physical brane it coincides again with the standard Scwarzschild form to
second order and thus reproduces the correct formula for the precession angle of Mercury.
These results reinenforce the belief that the Randall-Sundrum scenario reproduces General
Relativity on the physical brane to all orders in the gravitational coupling. We hope to
report soon our results towards this direction.
Acknowledgments.
We would like to thank N. Khuri, J. T. Liu, Y. Pang and M. Porrati for useful discussions.
This work was supported in part by the Department of Energy under Contract Number
DE-FG02-91ER40651-TASK B.
Appendix
The homogeneous equation (44),
[ 1
s3
∂
∂s
(s3
∂
∂s
) +
1
s2sin2 θ
∂
∂θ
(sin2 θ
∂
∂θ
)− 3
s
∂
∂s
+
3
s2
tan θ
∂
∂θ
]
F(s, θ) = 0 (70)
is a Quasi-Laplace since the first two terms inside the bracket is the four-dimensional
Laplacian acting on an axially symmetric function. Inspired by the large s expansion in
(31), we look for the solution of the form
1
sn
m∑
l=0
Fl(θ) ln
l κs (71)
with n a positive integer. Substituting it into (70), we obtain a system of m ordinary
differential equations for Fl’s
[ 1
sin2 θ
∂
∂θ
(sin2 θ
∂
∂θ
) + 3tan θ
∂
∂θ
+ n(n+ 1)
]
Fl = (l+ 1)[(2n+ 1)Fl+1 − (l+ 2)Fl+2] (72)
If we further introduce a new parameter ̺ = cos2 θ, the differential equations (72) are
transformed into
[
̺(1− ̺) d
2
d̺2
+ (−1− 1
2
̺)
d
d̺
+
1
4
n(n+ 1)
]
Fl =
1
4
(l+1)[(2n+ 1)Fl+1 − (l+ 2)Fl+2] (73)
Since Fm+1 = Fm+2 = 0, the equation for Fm ≡ F is a hypergeometric equation
̺(1− ̺)d
2F
d̺2
+ (γ − (α+ β + 1)̺)dF
d̺
− αβF = 0 (74)
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with α = n2 , β = −12(n + 1) and γ = −1. The other equations are of the same hypergeo-
metric type but with inhomogeneous terms. The set of equations can be solved successively
for Fl in a descending order of the subscript l. For odd n, β is a negative integer and there
is a polynomial solution. The companion solution, however, is nonanalytic at ̺ = 0 or
̺ = 1 or both. The terms of the large s expansion (31) contains odd powers of s and the
power of the logarithm lnκs does appear in association with the polynomial solution. For
even n, the solution can be written as
F =
F¯√
1− ̺ (75)
with F¯ satisfying a different hypergeometric equation with α = 1
2
(n − 1), β = −n
2
− 1
and γ = −1. This new hypergeometric equation possesses a polynomial solution. But the
square root in (75) does not make it an analytic solution for F . The case with n = 2 is of
special interest. In this case one of the solutions is
w1(̺) =
̺2√
1− ̺ = cos
3 θcot θ. (76)
Given the solution w1 we can derive the second solution by means of the standard formula,
w2(̺) = w1
∫ ̺
dξw−21 e
−
∫
ξ
dηp(η) where p(η) = − 1+ 12η
η(1−η)
. Subsequently we find that the
second solution to the homogeneous differential equation is given by
w2(̺) = −1
2
− 3
4
̺+
3
8
̺2√
1− ̺ ln
1−√1− ̺
1 +
√
1− ̺
= −1
2
− 3
4
cos2 θ +
3
8
cos3 θcot θln
1− sin θ
1 + sin θ
(77)
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